Within the Lemaître-Tolman-Bondi formalism for gravitational collapse of inhomogeneous dust we analyze the parameter space that leads to the formation of a black hole when some physically reasonable requirements are imposed (namely positive radially decreasing profile for the density and avoidance of shell crossing singularities). It turns out that a black hole can occur as the endstate of collapse only if the singularity is simultaneous as in the standard Oppenheimer-Snyder scenario. Given a fixed density profile then there is one velocity profile for the infalling particles that will produce a black hole. All other allowed velocity profiles will terminate the collapse in a locally naked singularity.
I. INTRODUCTION
The first gravitational collapse model to be studied thoroughly within the general theory of relativity was the very well known Oppenheimer-Snyder (OS) homogeneous dust collapse [1] . As it is known the OS model terminates in a simultaneous singularity which is covered by an event horizon. Therefore the main elements characterizing the OS model from the metric side are two, namely the occurrence of a simultaneous singularity and the appearance of trapped surfaces before the singularity and they are closely linked to the assumption of homogeneity for the density profile.
As more general matter profiles started to be investigated it became clear that the OS model was not the only possible final fate for the complete collapse of a spherical matter cloud and that a simultaneous singularity is a fine tuned feature appearing only in certain collapse scenarios. The simplest generalization of the OS model is the well known Lemaître-TolmanBondi (LTB) inhomogeneous dust collapse [2] . As inhomogeneities are introduced in the pressureless matter profile the simultaneous singularity structure is lost. Different shells become singular at different times. Not only the simultaneity of the singularity changes but also, and more importantly, the behaviour of the horizon is affected leaving open the possibility for the singularity developing at the central shell to be locally or globally naked. In fact as it turns out some matter profiles still present the horizon forming before the formation of the singularity while others develop trapped surfaces at the time of formation of the singularity therefore leaving the possibility for geodesics to come out of the ultra high density region that develops at the center of the cloud. As it has been shown by many authors over the past decades the singularity that develops in these collapse models is naked, at least locally [3] . Mathematically these models serve as counterexamples to some formulation of the Cosmic Censorship Conjecture (CCC) [4] , which states that every physically reason-able collapse process must generically lead to the formation of singularities that are covered by a horizon at all times. On the other hand the issue is important also from an astrophysical point of view because the possible existence of naked singularities means that the regions of extremely high densities where classical general relativity breaks down can be casually connected to the outside universe and therefore bear an observational signature. Of course the LTB models (and the OS model which is a subcase of LTB) are idealized mathematical models that do not describe a realistic star. Still, the issue of visibility or otherwise of naked singularities is physically very important as the OS model and CCC are at the foundation of all of black hole physics which is used in astrophysical applications today. These simple models then provide great insights in the important elements that determine the final fate of collapse.
In more recent times several classical gravitational collapse scenarios have been studied, with many different matter models. The picture that emerged is that under general conditions to ensure the physical validity of the matter models both black holes and naked singularities can arise as the endstate of collapse (see [5] and references therein for a recent review). Many examples have been found that lead collapse to the formation of a naked singularities even when pressures are allowed [6] . Furthermore these scenarios seem to be sufficiently generic (once a suitable definition of 'genericity' is given in this context) and stable with respect to small perturbations in the initial data [7] . Therefore it has become essential to isolate the conditions under which a physically realistic collapse will go to a black hole, developing from regular initial data. This is also necessary in view of the increasing amount of astrophysical applications of black holes and in view of the absence of a proof for the CCC, which is fundamental to black hole physics. If we assume that singularities must be resolved within a theory of quantum gravity, then classical solutions with naked singularities might be considered as a theoretical window open on new physics in astrophysical phenomena (see for example [8] for approaches based on Loop Quantum Gravity). Recently it has been suggested that such a quantumgravity signature can be observed in a cosmological scenario. It appears that the cosmic microwave background radiation bears the traces of gravitational waves that originated during cosmological inflation [9] . If confirmed this result would be the first empirical evidence of effects originating at energy scales where quantum-gravity is important. Therefore it is natural to ask if cosmology is the only arena where such effects can be observationally detected. Then the study of gravitational collapse provides a possible answer. In fact astrophysical phenomena such as core collapse supernovae explosions, where the classical singularities are not hidden behind a horizon could provide another arena where quantum-gravity might have observational consequences. Therefore, given the lack of a viable general proof of the CCC and the increasing amount of theoretical evidence in favour of naked singularities in recent times researchers have begun to consider the observational features that these solutions might bring (see for example [10] ).
The no hair theorem tells us that black holes in classical general relativity are very simple objects, characterized only by their mass and angular momentum. The study of analytical solutions describing collapse suggests that during the final phases of collapse all the 'hair' must be radiated away in order for the system to settle to a final black hole, failure in doing so results in the singularity being naked, at least locally, at least for a finite time. Here we would like to suggest the need for a further mechanism that is necessary for black hole formation, namely that the equation of state for the collapsing matter profile must lead to a simultaneous singularity as the density increases in order to keep the central singularity covered at all times.
In the present article we look for a complete characterization of the black hole formation process in a well know model, namely the LTB collapse scenario, when some basic physical requirements, such as the positivity and decreasing radial behaviour of the density and the absence of shell crossing singularities, are imposed. We show that once we impose the above conditions the only models developing a black hole as the final fate of collapse are those for which the singularity is simultaneous. All other allowed scenarios having a nonconstant singularity curve develop a locally naked singularity at the center of the cloud.
In section II we review the Lemaître-Tolman-Bondi scenario and outline its main features while in section III we describe the conditions for no shell crossing and see how from these we can characterize entirely the possible outcomes of collapse. In section IV we derive explicitly the parameter space that leads to the formation of black holes with a simultaneous singularity. Finally in section V we discuss the results and their possible implications for astrophysics. In the following we use units in which G = c = 1 and for simplicity we absorb the factor k = 8πG that appears in Einstein's equations in the energy momentum tensor.
II. LEMAÎTRE-TOLMAN-BONDI MODELS
The Lemaître-Tolman-Bondi metric describing inhomogeneous dust in comoving coordinates is given by
where R = R(r, t) and f = f (r). The energy momentum tensor takes diagonal form and is given by 2, 3) . Then Einstein's equations simply reduce to
where ( ′ ) denotes derivatives with respect to r and (˙) denotes derivatives with respect to t. Requiring the metric to be lorentzian imposes a condition on the energy function f (r), namely f ≥ −1, while the function F , called the MisnerSharp mass, describing the amount of matter enclosed by the shell labeled by r, is required to be non negative and radially increasing and it is given by
From Eq. (3) we see immediately that we must have F = F (r), which means that the amount of matter enclosed in any shell labeled by r is conserved throughout collapse. The Misner-Sharp mass then can be rewritten in the form of an equation of motion asṘ
with the plus sign to describe expansion and the minus sign to describe collapse. In the following we will consider the case of collapse. In general F and f are free parameters of the system and they must be chosen in order to satisfy the physical validity of the model. The solution obtained from the integration of the above equation can always be matched with a Schwarzschild exterior at a boundary R b (t) = R(r b , t) [11] . In order to integrate Eq. (5) we must consider three different cases separately:
1. Hyperbolic region: given by f > 0 and corresponding to unbound collapse. The particles in the cloud have positive initial velocity in the limit as R goes to infinity.
Flat region:
given by f = 0 and corresponding to marginally bound collapse. The particles in the cloud have zero initial velocity in the limit as R goes to infinity.
3. Elliptic region: given by f < 0 and corresponding to bound collapse. The argument under the square root in Eq. (5) becomes zero at a finite R. The particles in the cloud have negative initial velocity in the limit as R goes to infinity.
From the integration of Eq. (5) we obtain t(r, R), which, once inverted, gives the desired solution R(r, t). We can write R in parametric form as a function of a parameter η(r, t) in the three cases as:
with a(r) being a function coming from the integration that has to be determined once the initial conditions are imposed.
In general given a curve R γ (r) we will have t γ (r) = t(r, R γ (r)), from which we get the general expression . It describes the time at which the shell labelled by r becomes singular.
Apparent horizon: Given by
. It describes the time at which the shell labelled by r becomes trapped.
3. Shell crossing curve: Given by R ′ sc (r) = 0. Then t sc (r) is given by R ′ (r, t sc (r)) = 0 and it describes the time at which the shell labelled by r intersects another shell signaling the breakdown of the coordinate system.
The singularity curve does not strictly belong to the manifold and can be considered as the 'boundary' of the spacetime as no other curve can be prolonged past it. In dust collapse it indicates the presence of a strong curvature singularity and physical quantities such as the energy density ρ diverge along the curve. The apparent horizon curve is the boundary of the region of formation of trapped surfaces. As in the Schwarzschild case it is given by the condition that the surface R(r, t) = const. becomes null, which translates to g µν ∂R µ ∂R ν = 0. The shell crossing curve also indicates the presence of a singularity, as can be seen by Eq. (2), but in this case it is a weak curvature singularity that can be removed by a suitable change of coordinates. Finally another crucial element for the global features of the spacetime is the boundary curve, given by r = r b that corresponds to a shrinking arearadius R b (t) = R(r b , t). Nevertheless, given the absence of pressures, in the dust models it is always possible to choose the boundary at will.
In the case of dust collapse, and in cases with pressure where the final central singularity is massive, the singularity curve is spacelike and the only portion that can be visible to far away observers is the center, namely t s (0). Nevertheless it is possible to construct models of collapse of perfect fluids where the singularity curve becomes timelike and is uncovered for longer times [12] .
A. Scaling, regularity and energy conditions
We shall take the initial time t i = 0 such that R(r, t i ) = r. This is always possible due to the scaling degree of freedom left for R. Therefore the initial condition on t(r, R) will be given by t(r, R i ) = t(r, r) = 0 and it will be used to determine the integration function a(r) in Eq. (6) .
In order to be physically reasonable the matter cloud must satisfy certain requirements, such as regularity of the density at the center during collapse before the formation of the singularity and weak energy condition. Regularity of ρ at r = 0 at the initial time imposes that
with M a positive function. Furthermore, due to the freedom to choose the scaling gauge, we can introduce the function v(r, t) defined by
with the initial condition v(r, 0) = 1. Then we can rewrite all of the above in terms of the scaling function and the equation of motion becomesv
A further initial condition for collapse to occur is then given by b + M ≥ 0, which must be added to the condition for the metric to be Lorentzian given by b ≥ −1/r 2 and constraints the allowed functions b in the elliptic case.
The energy density is given by Eq. (2) . For the model to be physically reasonable we require ρ to be non negative, and therefore satisfying the weak energy condition, and radially non increasing outwards. The condition that ρ be non negative is achieved when F ′ ≥ 0 and R ′ > 0. Since we require M (0) > 0 it is easy to check that the case F ′ < 0 and R ′ < 0, that would also give a positive density, is not allowed because it would imply M < 0 near the center. Therefore to have ρ > 0 and finite we must require the two conditions
From the first one we see that we must have M (0) = M 0 > 0, while the second condition implies the avoidance of shell crossing singularities. The second physical requirement on ρ is that the energy density be a non increasing function of r. This is achieved if ρ ′ ≤ 0, which gives the further condition
Typically the energy density is chosen in such a way that it can be written as a power series close to r = 0 as
where we have ρ 0 (t) = 3M 0 /v(0, t) 3 and ρ 1 (t) = 4M
At the initial time, for which v = 1 and v ′ = 0, these become ρ 0 (0) = 3M 0 and ρ 1 (0) = 4M ′ (0). From this we see that having ρ non increasing radially implies that M ′ (0) ≤ 0. If we add the further requirement that only even terms in r appear in the expansion, as it is done in most models of astrophysical interest, we obtain that M ′ (0) = 0, in agreement with the usual requirement that ρ have no cusps at the origin, and conclusions similar to the ones above must be drawn for M ′′ (0). To integrate fully the equation of motion we must consider the three cases listed above separately.
1. In the flat region given by b = 0 the equation of motion is easily integrated to give
Once we impose the initial condition R(r, t i ) = r, with t i = 0 we get a(r) = 2r
2. In the hyperbolic region, given by b > 0, we define X(r) = M b and we get
(17) Once we impose the initial condition v(r, t i ) = 1 we obtain
3. In the elliptic region, given by b < 0, we define X = − M b0 and we get
(19) Once we impose the initial condition v(r, t i ) = 1 we get
Note that in all three cases above the singularity curve is given by t s (r) = t(r, 0) = a(r). Note also that the functional dependence of t does not change wether we consider the coordinates (r, v) or (r, R) (area-radius coordinates), provided that we change b with f and M with F . The same holds true for R ′ given below andṘ, both show the same functional dependence in terms of f and F as v ′ andv do in terms of b and M .
III. ALL BLACK HOLES
The Kretschmann scalar for the LTB metric is
from which we see that the metric becomes singular at R = 0 and also at R ′ = 0. As said before the condition R ′ = 0 denotes the presence of a shell crossing singularity. These were the first 'naked singularities' to be studied in collapse models [13] . Typically shell crossing singularities are 'weak', in the sense that they are due to a coordinate breakdown and generally removable by a suitable change of coordinates [14] . Note that not all shell crossings are singular. In fact if at the shell crossing we have F ′ = 0 in such a way that F ′ R ′ is finite the Kretschmann scalar remains finite as well. Nevertheless in collapse model we typically deal with functions F that are monotonic, therefore ruling out this case which can be relevant in cosmological models [15] .
The condition for avoidance of shell crossing is then given by Eq. (12). Once we solve the equation of motion to obtain t(r, R) we can evaluate R ′ = − ∂t ∂rṘ , from which we can already see that for collapse, if we require no shell crossing, we must have ∂t ∂r > 0. After some calculations we get
and shell crossing singularities can be avoided provided that R ′ > 0. Let us now focus on the marginally bound case for the sake of clarity. Eq. (22) becomes
from which we see that in this case, imposing the condition for no shell crossing implies
which, since v ∈ [0, 1], in turn implies M ′ < 0. We can write the shell crossing curve as
and it is easy to see that if M = const. then t sc = t s while if M ′ < 0 then t sc ≥ t s , with the equal sign holding only at r = 0, and no shell crossing occur in the spacetime. On the other hand the singularity curve is given by Eq. (16) and the condition that the singularity curve is non increasing, which is the condition for the formation of black hole, is given by
and corresponds to
We therefore see that, with the only exception of simultaneous collapse for which t s (r) = t 0 , black hole formation and no shell crossing are incompatible conditions in the case of the marginally bound LTB collapse. Furthermore, again with the exception of the simultaneous black hole case, having the energy density positive and non increasing is compatible with the condition for avoidance of shell crossing singularities and not with the condition for the formation of black holes. Going back to the general case, the conditions for avoidance of shell crossing were given by Hellaby and Lake [16] . Assuming that F is a positive increasing function, F ′ > 0, they can be written as follows 1. Flat region (f = 0):
2. Hyperbolic region (f > 0):
3. Elliptic region (f < 0):
We see that in all three cases the singularity curve t s (r) must be either constant or increasing. It is easy to see that close to the center the apparent horizon behaves like the singularity curve. In fact from t(r, R) the apparent horizon curve is given by t ah (r) = t(r, F (r)) which corresponds to
in the flat region (f = 0),
in the hyperbolic region (f > 0) and
in the elliptic region (f < 0). In all three cases we have t ah (r) → t s (0) as r goes to zero. It can be shown that under general circumstances an increasing apparent horizon is a sufficient condition for the local visibility of the central singularity [17] . Therefore we see that the requirement that t ′ s > 0 near the center implies that t ah is increasing near r = 0 which in turns implies that the singularity is locally naked. From the above we understand that imposing avoidance of shell crossing singularities implies that the only case in which the singularity curve can be trapped at all times is given by t s = t 0 . Therefore we conclude that if we require physical reasonable models, the only case where a black hole can form from the complete collapse of inhomogeneous dust is that of simultaneous collapse. All other physically valid configurations will lead the central singularity forming as the endstate of collapse to be, at least locally, visible.
From the arguments above we see that a locally naked singularity will form 'generically' at the end of collapse when the singularity curve is not simultaneous. On the other hand global visibility is an entirely different matter. Nevertheless some considerations on global visibility are in order here. The issue of the global visibility of the central singularity is different, since in principle there could be matter profiles for which the apparent horizon increases until a certain radius and then decreases thus hiding the singularity to observers at spatial infinity. This is due to the fact that the higher order terms in the expansions of M and b become increasingly more important as we move away from the center. Some matter profiles will cause the apparent horizon curve to be increasing close to the center and decreasing away from the center. This can cause the singularity to be globally covered, although locally naked. Some other matter profiles, on the other hand, will have t ah (r) increasing from the center until the boundary thus leaving a globally naked singularity. Nevertheless, as far as we consider here only the mathematical aspects of dust models, it is in principle always possible to choose the boundary of the cloud suitably so that the apparent horizon is strictly increasing and the singularity globally naked.
As we have seen there are two elements that determine the evolution of the cloud and therefore the apparent horizon curve. These are the functions F (r) and f (r) (or equivalently M and b). Further to these the third crucial element to the global visibility of the singularity that must be considered is the boundary of the cloud itself, given by R b (t) = R(r b , t). As said for any choice of the matter functions we can always choose the boundary suitably so that the cloud is cut before the apparent horizon decreases thus making it globally visible. Conversely if we consider a fixed boundary then the velocity profile and the matter profile can always be chosen is such a way that the singularity be globally visible. A sufficient condition for global visibility is given by
for r ≤ r b . This condition implies a condition on F and f . For example in the flat case from Eq. (33) it is easy to see that the sufficient condition for global visibility is
for r ∈ [0, r b ]. In general the sufficient condition becomes
with the plus sign in the hyperbolic case and the minus sign in the elliptic case.
IV. SIMULTANEOUS COLLAPSE
We investigate now the structure of all possible collapse models in LTB that lead to the formation of a black hole. We have seen that these correspond only to the case of a simultaneous singularity. Collapse is simultaneous if all the shells fall into the central shell focusing singularity at the same comoving time t 0 . Therefore the necessary and sufficient condition for simultaneous collapse is t s (r) = t 0 .
In the case of marginally bound collapse (corresponding to the flat region) we have
therefore t s (r) = const. is satisfied only if M = M 0 which corresponds to the Oppenheimer-Snyder collapse. On the other hand from the condition t s (r) ′ > 0 to avoid shell crossing singularities we get
which is satisfied for M ′ < 0. This is in agreement with an energy density profile which is positive and decreasing and with the formation of a locally naked singularity.
In the hyperbolic and elliptic regions the singularity curve can be written as in Eqs. (18) and (20). If we assume b = const. we can see again that the condition for simultaneous collapse imposes M ′ = 0 and once again we retrieve the OS collapse scenario. Nevertheless the OS homogeneous dust collapse scenario is not the only case where a simultaneous singularity can be present. In fact from Eqs. (18) and (20), we can write the singularity curve as t s (r) = t s (b(r), M (r)) = t s (b.M ) and the condition of simultaneous singularity t s = t 0 is satisfied on the zero surfaces of the function T (b, M ) = t s (b, M ) − t 0 . This means that in order to have a black hole we must take b as a function of M , given by b(r) = b(M (r)), which is implicitly defined by T (b, M ) = 0. This is in general always possible without any loss of generality due to the monotonic behaviour of M (r). This shows that for any given mass profile M (r) there will be one velocity profile b(r) which will terminate the collapse in a black hole, while all other possible choices of b that avoid shell crossing will make the collapse terminate in a locally naked singularity. To evaluate explicitly the velocity profiles b(r) for a simultaneous singularity when b = const. we then impose T (b, M ) = 0 with T being at least a C 1 function. We then obtain b(M ) from the implicit function theorem. The solution need not be easily found analytically but it is always possible to evaluate the solution numerically (see Fig. 1 ). Now we will concentrate on the behaviour of the mass and velocity profiles near the center of the cloud. The general formalism developed in [17] to study spherically symmetric gravitational collapse type I matter clouds can be easily applied to the LTB scenario described above. It is easy to show that requiring the energy density to be C 2 at the center implies that the singularity curve must also be C 2 at the center. Therefore, if we assume that the behaviour near the center of M and b can be expanded as
it follows that we can also expand the singularity curve near the center as
We can explicitly evaluate the coefficients of the expansion that turn out to be
The condition for simultaneous collapse t s (r) = t 0 translates into χ n = 0 for every n ≥ 1 and therefore, given a density profile M (r) as above we see that we must choose every b n suitably in order to have χ n = 0. In fact, once we choose b 0 and impose χ 1 = 0 we can obtain b 1 from Eq. (44) as
Similarly from Eq. (45) we see that once b 1 is given from the above there will be one b 2 for which χ 2 = 0. The same reasoning applies to every order. Then the velocity profile b which gives rise to a collapse ending in a black hole will be given by
Even if the matter profile's expansion is truncated at some order N (which means that the density profile will be truncated at the same order) we see that the velocity profile that gives rise to a simultaneous singularity will always be written as a series. From the above considerations we see also that the time t 0 at which the singularity occurs is determined by the zeroth order of the mass profile M 0 and the velocity profile b 0 . Finally we note here that the terms of the expansions are all correlated so that if we require the density to have only even terms in r (as it is often done in astrophysical models) by assuming that ρ 2n+1 = 0 for all n, then it will follow that also M , b and t s will all have only even terms. 
V. CONCLUDING REMARKS
We have considered here the final outcomes for a widely studied class of models describing collapse of inhomogeneous dust clouds. It is known that depending on the initial configuration these can be characterized as being either black holes or naked singularities. In the case of a black hole final outcome the trapped surfaces form at a time anteceding the formation of the singularity, while in the naked singularity case the central shell becomes trapped at the time of formation of the singularity. This means that null geodesics can propagate from the central singularity to reach far away observers [18] . We investigated the conditions for the formation of black holes once some crucial physical requirements are imposed. Namely we required that the energy density be positive and radially non increasing and that no shell crossing singularities occur at any time. Shell crossing singularities have been widely studied in the context of inhomogeneous cosmological models (see for example [15] ), where the density profiles can have many different forms. In the case of gravitational collapse on the other hand one must simply require that the density be non increasing in the outward radial direction. We showed that under these circumstances a black hole can form only when all shells become singular at the same comoving time. In the case of marginally bound collapse this corresponds to the requirement that the energy density be homogeneous. We have shown also that for any given density profile, this condition implies a specific choice of the velocity profile of the particles in the cloud. Thus we see that if naked singularities are to be excluded from the realm of possible outcomes of classical relativistic collapse then during the evolution the constituents of the collapsing cloud (namely, density and velocity profiles) must fine tune to produce a simultaneous singularity.
This analysis provides some insight on the genericity of black hole formation. In fact we have shown that, at least in the dust case, it would seem that the naked singularity is the most generic outcome of realistic collapse. Of course if we understand the classical singularity as a region of very high density where the classical relativistic model breaks down there is no reason to exclude a priori the occurrence of such models. Furthermore the physical relevance of these models from an astrophysical perspective depends on many factors such as the choice of the boundary and of the total mass of the cloud. Stellar mass black holes may form in a matter of seconds from the complete collapse of the core of a progenitor star with mass above 20 solar masses, while supermassive black holes may form from clouds of up to 10 9 solar masses and involve much longer time scales. These values may put some constraints on the physically allowed choices of r b and in turn on the possibility of having the singularity globally visible.
At present answering the question whether these models have any importance for realistic collapse is not possible. Different attitudes are then possible. One could believe that Cosmic Censorship must hold, and therefore during collapse several mechanisms must come into play in order to form a black hole. More precisely in the final stages of collapse the body must radiate away all 'deformation' multipole moments in order to settle to a Kerr or Schwarzschild geometry, must reduce its angular momentum in order to satisfy the Kerr bound and must 'homogenize' the matter density in order to produce a simultaneous singularity. These 'mechanisms' could be either entirely classical or of quantum-gravitational nature. On the other hand one could believe that this kind of naked singularities are possible and therefore ask the question of what kind of implications they may have for astrophysics. It could be argued that quantum corrections may resolve the singularity in the strong field regime and that effects occurring in the ul-tradense region could then propagate until the boundary thus changing completely the classical picture [8] . Or it could be that these effects remain confined in the close vicinity of the center thus having no significant influence of the evolution of the outer shells [19] .
Based on previous works on gravitational collapse with pressures (see for example [6] ), we conjecture that the general behaviour outlined in this article remains unchanged when more sophisticated matter models are considered. Nevertheless it will be interesting to check wether a similar scenario holds once non vanishing pressures are introduced in the cloud, as it would describe a physically more realistic picture. In any case, despite the fact that the possible detection of effects related to the visibility of the high density region might be very difficult since many other factors come into play, we believe that these results enforce the idea that solutions containing naked singularities must be studied carefully to understand whether in principle it will be possible in the future to detect some signature of new physics coming from explosive astrophysical events.
